ABSTRACT. An unexpected metric density property of a certain type of Fg set is proven. An immediate application is a characterization of monotone functions similar to a well-known result by Zygmund. Several corollaries of this characterization are given as well as a simple proof of a theorem due to Tolstoff.
One of the primary purposes of this paper is the demonstration of an unexpected density property of any Fa subset A of (0, 1) having left density 1 at all of its points. If P denotes the complement of A relative to [0, 1) we will show there is a point jc in P at which A has right density 1. (A similar statement holds if A has right density 1 at all its points.) This property is both intrinsically interesting and useful. As an immediate application we obtain the following characterization of monotone functions, analogous to a wellknown result by Zygmund [1, p. 203] . Then f is nondecreasing.
(For this paper we will say that functions satisfying (1) and (2) of Theorem 1 are of type (*). It should be noted that approximately continuous functions are of type (*).)
As with Zygmund's theorem, Theorem 1 is shown to have numerous applications. These deal with the monotonicity and differentiability properties of functions of type (*). Finally we end the paper by considering another classic result by Tolstoff [2] . Through the use of Theorem 1 and an additional lemma, We will need the following basic definitions. The reader is referred to [1] for further elaboration.
(1) If jF is a measurable set and x0 is any fixed point we define the upper (lower) right density of E at x0 as \ED [x0, x] where H denotes Lebesgue measure.
The upper and lower left densities of E at x0 are defined similarly. If all four densities are equal to 1 at x0 we say x0 is a point of density of E We make a similar convention for right or left point of density.
(2) A measurable function /: R -* R is said to be approximately continuous if for every x there is a measurable set E(x), having x as a point of density, such that / restricted to E(x) is continuous at x.. We note that an equivalent definition requires that for every open set U C R, f~l(U) has density 1 at all its points. [3] , and [5] .) It can easily be seen that a measurable set E has a point x as a d-limit point only if one of the two upper densities of E at x is positive.
For a measurable function / and a fixed point jc0 we can define, relative to the above topology, various limits as in the Euclidean topology.
(4) The upper approximate right limit of / at x0 is:
ap lim sup f(x0) = inf [y: {x: f(x) > y) has upper right density 0 at x0].
x-xj
The upper approximate left limit of / at x0 is defined similarly. (5) Just as any function / has four Dini dérivâtes defined at every point we analogously define the four approximate Dini dérivâtes of /, AD+f AD~f, AD+f AD_f. For example AD+f(x0) is the upper right approximate Dini derívate of / at x0 and equals:
..
Finally we remark that in this paper we will use the notation "nearly everywhere" after a property to designate that that property holds except at a countable set of points.
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Since the proof of the density property involves the use of two lemmas and is rather tedious while the proof of Theorem 1 is rather elegant, we have chosen, for the moment, to assume the validity of the density property and prove Theorem 1.
Proof of Theorem 1. We assume that / is not nondecreasing. This implies there are points xx,x2 with xx <x2 and /(*,) > fix2). Consider any aE ifix2), fixi)) and E = {x: fix) < a}. It follows that E is a nonempty Fa with left density 1 at each of its points. Also since xx does not belong to E the complement of E is nonempty. The density property guarantees the existence of x0, at which E has right density 1, and x0 E [0,1)\P C {x: fix) > a}.
This, together with the fact that /(x0) < ap lim sup + fix) gives that /(x0) = a and AD+fix0) < 0. Therefore we have °i fix2), fix,)) C fi{x: AD+fix) < 0}), which contradicts condition (3) of Theorem 1.
We proceed to the proof of the density property through the lemmas: This lemma is actually a statement of the Lusin-Menchoff theorem, and the proof is from [3] .
Proof. For each / we define C; = ix: -^ < p{x, C)<j\ n H, where p(x, C) denotes the distance from x to C. For each /' there is a closed set P¡ suchthat P¡ C C¡ and \P¡\ > ICI-1/2'. We set P= Uy" t P¡ U C.
It is clear that P is closed and C C P C H. To establish the second part of the lemma let x E C and let {/"} be a sequence of intervals such that:
x= O '"> l7«!^0' and lim \Hnin\l\In\ exists. We can therefore assume that for every « there is a jn such that In C\ C = 0, j < /"" and C,-C\ I" i= 0. It follows immediately that |/" n (7/\P)| < £ |c\jj| < -± Í=ln 2'" Thus w n 7"i -~T\ < \p n /"I < W n 7J-
Now since C;-C\ In ¥= 0 we have I/"I 3* l/(/" +1) and We now restate and prove the density property: Theorem 2. Let A be an Fa subset of (0,1) which has left density 1 at all its points. Then there is an x0 E [0, 1)\.4 = P U {0} such that A has right density 1 at x0.
Proof. Using Lemma 1 we may express A as the union of nonempty closed sets, Fn, n = 1, 2, • • • , with the property that, for every n, Fn+1 has left density 1 at every point of Fn. We will show how to construct a sequence of closed intervals [an, bn] such that for every « 
Ux is open and P C Uv We pick any component interval of Ux in which P has positive measure; call it (a, b) . We note that b E Fl. Let
Clearly a <bx < b and if bx < b and bx does not belong to A it will serve as ;t0. Therefore we assume bt E A. We find the first index N2>2 suchthat bx E FN . Let U2 = (0,1)^ +1. P C U2 and U2 has left density zero at 6j. In fact U2 has left density zero at all points of FN , which contains F2 (an important fact that we will need later). We pick ax so that a<ai<bl and \U2 n [x, &JI < \[x, fiJI/8 for all Û! < x < èx.
We now have [ax, bx] . It is clear that ia^b^ n Pt =0 and |P n (a1( 2>x)| > 0. , and we begin in (c2, cf2) as we did in (ax, by) with C/j* replaced by U3, V2 by F3. Hence, we will obtain an interval (c3, ¿?3). This interval will satisfy (i), (ii) and (iii) with respect to (ax, bx), and we will set (a2, b2) = (c3, d3) if F2 n (c3, c/3) = 0. Otherwise, we proceed inductively to get (ck, dk), k = 4, 5,' • •. We claim that at some finite k we must have F2 n (ck, dk) = 0. To see this, suppose instead that the process does not terminate. A final word may still be in order to indicate how we proceed now that we have [a2, b2] . We now let V3 be the union of those intervals / contained in (a2, b2) such that \U* n J] > |/|/4, rather than \U3 n J\ > |/|/2 as before.
(In each stage we will want \U* C\ J\ > \J\I2"'1.) This completes the proof of the density property.
At this point the meaning of the property in terms of the density topology on [0, 1] is worth considering. We say that a set A is "left-open" in the Euclidean topology if x E A implies that A contains an interval of the form (jc -5, x]. The equivalent definition in the density topology is that a measurable set A is "ci-left-open" if x E A implies A has left density 1 at x It is an elementary fact that if A is "left-open" and its complement B is nonempty, then B contains points which are not limit points of B from the right. The density property says that if A is "cf-left-open" and in addition F0, its complement P has points which are not cf-limit points of P from the right. It is still an open question whether the condition that A be an Fa set is necessary.
Another immediate application of Theorem 2 is the following. Proof. If fixx) =5= g(Xj) for some xlt we may assume that /(Xj) -g{xx) > 0. Let A = {x: fix) -gix) > 0}. Then A satisfies the hypothesis of Theorem 1 and we can find an x0 # 0 such that /(x0) -gix0) < 0 and {x: fix) -gix) > 0} has right density 1 at x0. However, since A has right density 1 at x0 we must have /(x0) -gix0) = 0. So x0 E E, and E does not have positive upper density from the right at x0. This is a contradiction, so fix) = gix) for all x.
We now prove various corollaries of Theorem 1. It should be noted that the proofs of these results follow very closely those of classic results. (This is deliberately emphasized to show the usefulness of Theorems 1 and 2.) For this reason, where the proof is nearly obvious and would require too much space, we delete it.
The following results deal with the functions of type (*) and to shorten the exposition we state the following simple fact now:
If / is of type (*) and g is either approximately continuous or nondecreasing, then / + g is of type (*).
The proof is obvious as the various inequalities valid for lim sup(/ + g), etc., carry over without alteration to ap lim sup(/ + g).
Corollary
1. Let: f be of type (*), and AD+f >0 nearly everywhere. Then f is nondecreasing.
Proof. Let e > 0 be given. We place G£(x) = f(x) + ex. Then G£(x) is of type (*) and AD+G£(x) = AD+f(x) + e for every jc. Therefore at any point where AD+f(x) > 0 we have AD+G£(x) >e>0.
Since AD+f > 0 except for at most countably many points xx, x2>" •, xn,' " we have AD+Ge > 0 except at these same points. Hence the interior of the image under Ge of these points must be empty. By Theorem 1 we then have G£(x) is a nondecreasing function. So, if x <y,Ge(x) <GeO>);that is f(x) + ex < f(y) + ey. Since e was arbitrary this yields that / itself is nondecreasing. Corollary 1 generalizes the result by Ornstein [6] : If / is approximately continuous and AD+f > 0 everywhere, then / is nondecreasing and continuous. It was this paper by Ornstein which initially stimulated this research. It is tempting in light of the interesting result obtained by Bruckner [7, p. 22 ] to conjecture the following:
If / is Baire l,Darbouxand AD+f>0 everywhere, then / is nondecreasing and continuous. This is not true, however. Croft [8] has constructed an example of a function / which is upper-semicontinuous, Darboux, zero almost everywhere, but not identically zero. It is clear that -/ provides a counterexample. In this sense, Corollary 1 is the best possible.
A more fruitful line of thought is: What additional conditions must be placed on functions of type (*) in order that AD+f being nonnegative except on a set of measure zero is sufficient to guarantee that / is nondecreasing. The following are examples of such conditions. Corollary! Let: f be of type (*), AD+f >0 a.e., and AD+f>-<*> nearly everywhere. Then f is nondecreasing.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (This is an extension of Gál's result [9] .) Proof. We need only show /(0) < fil). Let e > 0 be given, and E = {*: AD+fix) < 0}, |P| = 0. It is a well-known fact (see Titchmarsh [10, p. 369]) that for any set of measure zero, A, there is a function g absolutely continuous, nondecreasing and such that g'(x) = + <*> on A, g(0) = 0, and g(l) < e. Let h be such a function for our set E, and consider / + h. Then / + h is of type (*) and AD+if + h) > 0 except perhaps at the points x where AD+fix) = -°°. By Corollary 1,/ + h is nondecreasing, and we have
This completes the proof. Proof. The function Gix) = fix) + Mx is nondecreasing. Hence G is differentiable a.e. which implies the same holds for /.
Corollary 4. Let: f be of type i*),AD+f>0 a.e., and AD+f a Baire 1 function. Then f is nondecreasing. (Leonard [11] has a similar theorem using the Dim dérivâtes of /) Proof. We define E = {x: f is not nondecreasing in any neighborhood about x}. We will show E is empty. Suppose on the contrary that E is not empty. It is clear that E is perfect. Let e > 0, and A = {x: AD+fix) > 0} and B = {x: AD+fix) < -e}. Since AD+f is a Baire 1 function we cannot have A and P simultaneously dense in any nonempty portion of E. Let / be any interval such that / D E+ 0. / must contain a subinterval J where J n E =É 0 but either / n p n ,4 = 0 or J C\ E C\ B = 0. Suppose first that we have / n E n A = 0. Then \J n E\ = 0 because AD+f > 0 a.e. We select any component interval (a, b) of J\E. The function / is nondecreasing on (a, b) . Moreover, since / is of type (*), we have fia) < fix) for all x in (a, b) . Hence AD+fia) > 0, contradicting J n E n A = 0.
We finish by proving that J Ci E Ci B = 0 implies J C\ E = 0, contradicting J n E + 0. Suppose J n E n P = 0. For x E J n E we then have AD+fix) > -e, and for x EJ\E AD+fix) > 0. By Corollary 2, / is nondecreasing on J, so / n E = 0. Therefore E must be empty.
We also obtain an analogue of Dini's theorem [1, p. 204] . Then a = ß.
Proof. For any function we have a < j3, so if j3 = -°° there is nothing to prove. Therefore, suppose ß > -°° and let y be any number less than j3. Proof. By Corollary 5, / has an ordinary derivative at every point of continuity of AD+f. Since AD+f is Baire class 1, its points of continuity are a set of second category.
We mention in passing that other results can be obtained dealing with the approximately continuous Perron integral as defined by Burkill [12, p. 270] . The interested reader is referred to Burkill's paper and [1, pp. 203-204] .
We end the paper by considering two classical results. I. Tonelli-Goldowski [13] . Suppose / is a continuous function, possessing a derivative, /' (possibly infinite), nearly everywhere. In addition suppose f'> 0 a.e. Then / is nondecreasing.
II. Tolstoff [2] . Suppose / is an approximately continuous function, possessing an approximate derivative, /a'p (possibly infinite), nearly everywhere. In addition suppose /a'p > 0 a.e. Then / is nondecreasing and continuous.
It is clear that II is a more general theorem than I. Further, the before-mentioned result by Bruckner [7] requires only that / be a Baire 1, Darboux function instead of an approximately continuous function.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Viewed in terms of the density topology, II is "the same" as I. The proof of I (see [1, p. 206] ) is short and very similar to that of Corollary 4. However, the proof of II is unnecessarily lengthy. With the use of one lemma we show that the "same" proof can be given for II as for I. This proof can also be applied to the result by Leonard [11, p. 759] . We will prove the conclusion for x0 E A* only. Proof. Let n be fixed and x0 be a limit point of An. Suppose there exists a strictly decreasing sequence of points of An, xk, converging to xQ. We may assume that xx -x0 < 1/n. We fix k and show Aixk) has positive upper density at x0. 
